We consider the boundary-value problems corresponding to the scattering of a timeharmonic acoustic plane wave by a multi-layered obstacle with a sound-soft, hard or penetrable core. Firstly, we construct in closed forms the normalized scattering amplitudes and prove the classical reciprocity and scattering theorems for these problems. These results are then used to study the spectrum of the scattering amplitude operator. The scattering cross-section is expressed in terms of the forward value of the corresponding normalized scattering amplitude. Finally, we develop a more general theory for scattering relations.
Introduction
This paper is concerned with the reciprocity principle and the general scattering theorem for the normalized scattering amplitude corresponding to the scattering of time-harmonic acoustic plane waves by a multi-layered scatterer. A scatterer of this type is a nested body consisting of a finite number of homogeneous layers. On the surfaces that describe this tessellation are imposed transmission conditions, that physically express the continuity of the medium and the equilibrium of the forces acting on it. In the interior of the scatterer there exists a sound-soft, hard or penetrable core.
An integrated and systematic theory for the scattering of acoustic waves was presented by Kleinman and Senior in [15] . Twersky in [19] proved reciprocity and scattering theorems for both soft and hard obstacles, and using low frequency expansions, he obtained the leading-term approximation of the real part of the scattering amplitude by direct application of the scattering theorem. Dassios developed the low-frequency theory for acoustic scattering by a soft body [9] and by a penetrable body with either a soft or a rigid core [10] . For existence and uniqueness of solutions [3] On the acoustic scattering amplitude for a multi-layered scatterer 433 density ² j associated with the velocity field, and the compressibility j associated with the pressure field in each layer j . The exterior of the scatterer, 0 , is an infinite homogeneous isotropic medium with mass density ² 0 and compressibility 0 . There is one normal unit vector O n.r/ at each point r of any surface S j pointing into j . The wave number k j in j is a positive real number and it is expressed in terms of the wave number k 0 of the exterior space 0 , as
(1) (see [4] ). The set described above, is a multi-layered scatterer with a core. We assume that a time-harmonic acoustic plane wave u i is incident upon the obstacle . The total acoustic field u j in j , satisfies the Helmholtz equation
Furthermore the total exterior field u 0 is given by
where u s is the scattered field satisfying the Sommerfeld radiation condition
uniformly in all directions O r 2 S 2 , where S 2 is the unit sphere. On the surface S j we have the transmission conditions
on S j j D 0; 1; : : : ; ¼ 1:
According to the boundary conditions on the surface of the core, we have the following three problems. Problem .P D / : Determine u j 2 C 2 . j /\C 1 . N j /, j D 0; 1; : : : ; ¼, satisfying (2) to (5) and
Problem .P N / : Determine u j 2 C 2 . j /\C 1 . N j /, j D 0; 1; : : : ; ¼, satisfying (2) to (5) and
Problem .P T / : Determine u j 2 C 2 . j / \ C 1 . N j /, j D 0; 1; : : : ; ¼ C 1, satisfying (2) to (5) and
The proof of the well-posedness of these boundary value problems, based on proving existence and uniqueness for the solution of the corresponding integral equation formulation of the problems, is discussed in [5] and [18] .
Our aim on the present work is to prove the reciprocity principle and the scattering theorem for the above three problems.
Construction of the scattering amplitudes
It is well known [7] that the scattered field, as a radiating solution of the Helmholtz equation, has the integral representation 
is the fundamental solution of (2) in 0 . Closely related to the scattered field is the normalized scattering amplitude g, which is defined by the relation
where h.x/ D e i x =i x is the zeroth-order spherical Hankel function of the first kind. In order to express g in closed form we work as follows.
Inserting u s D u 0 u i in (9) and taking into account that u i is an entire solution of the Helmholtz equation in 0 we obtain
Now, applying successively Green's first theorem on u j .r 0 /, 0 .r; r 0 / in j and taking into account that u j .r 0 /, 0 .r; r 0 / are solutions of (2) in j and 0 respectively, and introducing the transmission conditions (5) and boundary conditions (6) for .P D /, (7) for .P N / and transmission conditions (8) for .P T /, we derive the following representations of the scattered fields
for the problems .P D /, .P N / and .P T / respectively, where
The functions V .m/ .r/ and W .m/ .r/ are dependent on the physical parameters of the body and express the contribution of the layers to the scattered field. The surface integrals (18) and (19) represent the effect of the core on the scattered field.
From the asymptotic form
we derive [7] 0 .r;
Substituting (21) and (22) into (16)- (19) we take the asymptotic forms, for r ! 1
Consequently, for a D D; N ; T , we have
where the fields
are the scattering amplitudes for the problems .P D /, .P N / and .P T /, respectively. This argument establishes the following theorem. 
Reciprocity and scattering theorems
In what follows, for an incident time-harmonic plane wave u i .rI O k/ D exp.ik 0 O k Ð r/ we will denote the total field in j , the scattered field and the normalized scattering amplitude for the problem .P a /, a D D; N ; T by writing, respectively, u a;
Also in the sequel we shall make use Twersky's notation [19] 
We consider two incident plane waves 
For a D D; N the lemma is proved by introducing the boundary conditions (6) and (7), respectively, into (34). Inserting the transmission conditions (8) in (34), applying again Green's second theorem in ¼C1 and using the relation (33) for j D ¼ C 1 we prove the lemma for a D T .
PROOF. From (3), the bilinearity of fÐ; Ðg S0 and using Lemma 1 we take
In view of Green's second theorem, the Helmholtz equation for the incident and the scattered wave and the radiation condition for the scattered wave we have
Therefore, (36), (37) and (38) 
Letting p ! 1 and using the asymptotic forms (21) and (22) we conclude that
The formula (39) comes out of direct comparison of (41) with (27).
We are now in a position to prove the reciprocity principle. 
PROOF. By Lemmas 2 and 3 we have
which proves the theorem.
We shall now prove the basic scattering theorem, for the above three problems. 
where u a;0 denotes the total field in 0 for the problem .P a /. By Lemma 1 we have
and from (37)
Also, from Lemma 3 it follows that 
Letting R ! 1, we pass to the radiation zone and thus we can use the asymptotic form (27) for the scattered fields. So we have
Substituting ( 
PROOF. Applying (39) for g a; ' , multiplying by h.O r/ and integrating on S 2 we get (53). The relation (54) is a simple consequence of (51).
Let us now define the scattering amplitude operator G a :
We note that G a h is the scattering amplitude of the problem .P a / corresponding to the incident wave U i h , [7] . We assume that the incident fields in Theorem 3 are the Herglotz wave functions U i h and U i ' . Then, using the inner product on L 2 .S 2 /, .Ð; Ð/, and taking into account the relations (53), (54), the basic scattering theorem takes the following form [8] . 
We shall now conclude this section by proving some properties of G a . 
PROOF. From Corollary 2 we have
The relation (57) implies that
Using the reciprocity Theorem 2 we take, [7, p. 57] ,
where
that is, G a is normal and hence has a countable number of eigenvalues.
Let G a h D ½h, ½ 2 C. Then, applying Corollary 2 for h D ' 6 D 0 we take
The scattering cross-section
The scattering cross-section is defined as the ratio of the time average rate (over a period) at which energy is scattered by the multi-layered scatterer, to the corresponding time average rate at which the energy of the incident wave crosses a unit area normal to the direction of propagation. The scattering cross-section has the dimensions of area and is a measure of the disturbance caused by the multi-layered scatterer to the incident wave. It is proved, as in the case of a single scatterer [19] , that the scattering cross-section is connected to the scattering amplitude via the relation
for a D D; N ; T . When the multi-layered scatterer has inversion symmetry, that is, when the scattering amplitude in invariant under an interchange of the direction of observation O p and the direction of incidence O q, then the reciprocity and scattering theorems reduce to
respectively. Applying the relation (65) for O p D O q and taking into account (63) we conclude that
Formula (66) is the acoustic version of the well-known [20] optical theorem of electromagnetic waves. REMARK 1. When ¼ D 1, the multi-layered scatterer degenerates to a penetrable scatterer with a core for which acoustic low-frequency theory was developed in [10] . On the other hand when
, then the layers disappear and the multi-layered scatterer coincides with its core. In this case problems .P D /, .P N / and .P T / reduce to Dirichlet, Neumann and transmission boundary value problems, respectively. Hence reciprocity, scattering and optical theorems for sound -soft [9] , -hard [19] and penetrable [9] scatterers follow from the corresponding results for the multi-layered scatterer. When
, then scattering occurs on the surface S 0 only, and .P a / becomes a transmission problem for a single scatterer.
REMARK 2. More general boundary conditions can be imposed on the surface of the core. We consider either resistive-transmission conditions
or conductive transmission conditions
where the function Á is Hölder continuous on S ¼ [1] . In this case, the construction of the normalized scattering amplitude is done as in Theorem 1 and the basic Lemma 2 remains valid. Thus, all the previous results, that is, reciprocity, scattering and optical theorems, hold for the problems corresponding to these boundary conditions.
A more general theory
From (34) it follows that the effect of the layers on the solutions of the scattering problems .P a /, a D D; N ; T is transferred on the core. Hence the derivation of the previous scattering relations is largely independent of the composition of the obstacle. This suggests to us to develop a more general theory for scattering relations, using a more general boundary condition on S 0 , omitting the layers.
Let 3 be a linear operator acting on a space of functions defined on S 0 . We denote by 3 Ł the adjoint of 3 with respect to the pairing
We introduce the linear space F. 0 / of all complex-valued functions u 2 C 2 . 0 / \ C 1 . 0 / for which 3u on S 0 is defined. We consider the following boundary value problem .P 3 /.
Determine a function u 2 F. 0 / which satisfies
where u i is an incident wave and u s is the scattered field satisfying the Sommerfeld radiation condition. We assume that the problem .P 3 / has a unique solution for each given incident wave. For the solvability of boundary value problems of this type we refer to [17] . We define the operator A on 
PROOF. The proof of (74) follows immediately if we make use of the boundary condition (71). From (72) and the bilinearity of the form fÐI Ðg S0 we have
Taking into account, as in the proof of Lemma 2, that
and using (74), we have (75).
If a time-harmonic plane wave u i .pI O q/ D exp.ik O q Ð p/ is incident upon the obstacle , the normalized scattering amplitude g is defined, as in (11) , by the relation
Using the fundamental solution of the Helmholtz equation (70) and working as in Lemma 3 we conclude that
We can now prove a general reciprocity principle.
THEOREM 4. The normalized scattering amplitude of the problem .P 3 / satisfies the relation
PROOF. Using (75) and (79) we take
The basic scattering theorem for the problem .P 3 / has the following general form.
THEOREM 5. The normalized scattering amplitude of the problem .P 3 / satisfies the relation
PROOF. We use the same procedure as in Theorem 3. 
Let us now consider the case where the operator 3 is self-adjoint. Then, for all '; 2 F. / we have h'; 3 i D h3 Ł '; i D h3'; i:
Clearly, the following is true. 
for all '; 2 F. /.
Therefore, if we apply (87) in Lemma 4 and in Theorems 4, 5 we will see that all the results of the Sections 4 and 5 are included in the scattering relations for the problem .P 3 /, provided that 3 is self-adjoint. In particular we have the following. Furthermore, in view of (87) the relation (85) takes the form (56). Hence, for the operator G the following holds. 
